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PROBLEM STATEMENT

Permutation methods provide exact p-values under some dependence and
are widely used in modern applications such as genomics.
Existing permutation-based multiple testing procedures primarily control the
family-wise error rate (FWER), which is often too conservative when
thousands of hypotheses are tested simultaneously.
There is currently no general framework for controlling the false discovery
rate (FDR) using permutation methods without imposing assumptions on the
dependence structure of the p-values.

Goal. Develop a permutation-based procedure that provably controls the FDR at
level α under arbitrary dependence.

PROPOSED APPROACH

Construct valid permutation p-values for every intersection hypothesis.
Transform these p-values into an e-collection using the Su p-to-e calibrator.
Apply the e-closure principle. The resulting procedure controls the FDR at
level α.

PERMUTATION SETUP

Let H1, . . . ,Hm be the hypotheses and let G be a finite set of transformations
σ : Ω → Ω, such that G is a group with respect to the operation of composition of
transformations.
Permutation invariance assumption
For the set N of true null hypotheses, the joint distribution of the test statistics(
Ti(σD) : i ∈ N, σ ∈ G

)
is invariant under all transformation in G of D.

Permutation p-value matrix
Let Σ = {σ1 = id, σ2, . . . , σω} be a vector of randomly sampled elements from
G. For each element, compute the vector of p-values Pσ = (pσ

1 , . . . , pσ
m) and

store in a (ω × m) matrix
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KEY IDEA

For every intersection hypothesis HS =
⋂

i∈S Hi,S ∈ 2[m], we construct a valid
permutation p-value, transform it into an e-value, and then apply e-closure.

MERGING P-VALUES FOR INTERSECTIONS

To apply closure principle, each intersection hypothesis HS needs one p-value.
For S ∈ 2[m], define the Simes merged p-value

Qσ
S = Simes(pσ

i : i ∈ S)

If pσ
(1) ≤ · · · ≤ pσ

(|S|) are the ordered p-values in S, then

Qσ
S = min

1≤j≤|S|

|S| pσ
(j)

j
The observed merged p-value is

Qid
S = Simes(pid

i : i ∈ S)

GLOBAL PERMUTATION P-VALUES

For every S ∈ 2[m], define

pσ
S =

1 +
∑ω

b=1 1
{

Qσ,b
S ≤ Qid

S

}
ω + 1

.

This compares the observed merged statistic to its full permutation distribution.

Theorem (Validity of permutation p-values)
If D is exchangeable under the group of transformation G, then

pσ
S

is a valid p-value for the intersection hypothesis HS.

FROM P-VALUES TO E-VALUES

For each S ∈ 2[m] use the Su p-to-e calibrator

eσS = (lαpσ
S ∨ α)−1 (1)

where
lα = −W−1(−α/e),

and W−1 is the negative branch of the Lambert W function.
Then

(eσS)S∈2[m]

is an an e-collection.

E-CLOSURE PRINCIPLE

Let R ∈ 2[m] be the rejected set and let N ∈ 2[m] be the set of true nulls.
The false discovery proportion is

FDP =
|R ∩N|
|R| ∨ 1

The e-closure framework uses an e-collection

e = (eS)S∈2[m]

to define the set of candidate sets for the FDR error rate function at level α as

RFDR
α :=

{
R ∈ 2[m] : eS ≥ FDPS(R)

α
∀S ∈ 2[m]

}
(2)

R is an FDR controlling procedure at level α if and only if there exists an
e-collection E such that R ⊆ RFDR

α (E).

MAIN RESULT

Theorem
The e-closure principle applied to the e-collection eσS controls the FDR at level α.

PROCEDURE SUMMARY

1. Compute observed and permuted p-values.
2. For each S ∈ 2[m], merge p-values using Simes:

Qσ
S = Simes(pσ

i : i ∈ S).

3. Compute global permutation p-values:

pσ
S =

1 +
∑

b 1{Qσ,b
S ≤ Qid

S}
ω + 1

.

4. Calibrate:
eσS = (lαpσ

S ∨ α)−1.

5. Apply e-closure to obtain FDR control.
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